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ABSTRACT

Koiter's approach is used to formulate the influence of fiber orientation on
the behavior of the cylindrical shell in the initial postbuckling region. Resulis
are presented for three-layer composite cylindrical shells of either glass-epoxy
or boron-epoxy subjected to uniform axial compressive load. The results show
that the initial postbuckling coefficient that characterizes the extent of imper-
fection sensitivity of a structure is greater for the glass-epoxy shells than for
the boron-2poxy shells. For the glass-epoxy cylinders the slope of the load vs.
end-shortening curve in the initial postbuckling region is found to have high
negative value, which is not significantly affected by the change in fiber orienta-
tion. This suggests that the buckling of a nearly perfect glass-epoxy cylinder
under prescribed.end-shortening will be catastrophic, regardless of fiber
orientation. However, for the boron-epoxy cylinders the negative slope varies
with the change in fiber orientation, and whether the failure will be catastrophic
or not will depenc on the fiber orientation.
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FOREWORD

This report is prepared as a part of in-house effort under Project No. 14617,

"Structural Analysis Methods, "' Task 146703, "Structural Shell Analysis. " The
work waa carried out in the Structural Synthesis Group cf the Solid Mechanics
Branch, Structures Division of the Air Force Flight Dynamics Laboratory, Air
Force Systems Command, Wright-Patterson AFB, Ohio, Mr. Francis J. Janik,
Jr. (FBR) was the Project Engineer administerirg Project 1467.

This report covers the work conducted during the period December 1969
to May 1370, The report was submitted by the authors in June 1970.

This technical report has been reviewed and is approved.
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Chief, Solid Mechanics Blanch
Structures Division

Air Force Flight Dynamics Laboratory

ii

e adea o Ra T

o b A e L o

e it



AFFDL-TR-70-125

TABLE OF CONTENTS

SECTION PAGE
I {NTRODUCTION 1
I ANALYTI"AL FORMULATION 3
1. Stress-Strain Relations 3
2, Equilibrium and Compatibility Equations 3
3. Initial Postbuckling Behavior 7
4, [Initial Postbuckling Analysis of a Perfect

Cylindrical Shell 9
5. Classical Buckling Load 11
6. Evaluation of Coefficients ""a" and "b" 13
7. Initial Slope of Load vs End-Shortening Curve 15

8. Influence of Tnitial Geometric Deviation on
Buckling Load 17
9. Calculations 17
111 NUMERICAL RESULTS AND CONCLUSIONS 19
1, Numerical Results 19
2. Conclusions 21

APPENDIX I RESULTS FOR GLASS-EPOXY CYLINDRICAL

SHELL 35
APPENDIXII  RESULTS FOR BORON-EPOXY CYLINDRICAL

SHELL 53
REFERENCES 71

3
i
N
f
3
€
¢
H
H




AFFDL~TR-93-125

FIGURE
1.
2,
3.
4,

7.

8.

9,

10.

11.

12.

13.

14.

ILLUSTRATIONS

Geometry of the Shell

Load-Deflection Curves

Effect of Fiber Orientation on the Coefficient b
Effect of Fiber Orientation on the Coefficient K
Effect cf Fiber Orientation on the Angle 5

Influence of Initial Imperfection on Buckling Load
of Glass~Epoxy Composite Cylinder for Case 1

t8*, -8°, 0c)

Imperfection Sensitivity of Glass-Epoxy Composite
Cylinder for Case 1 {§5-68°, 0°)

Influence of Initial Imperfection on -Buckling Load of
Boren-Epoxy Composite Cylinder for Case 1 (68°,-8°0°)

Imperfection Sensitivity of Boron-Epoxy Composite
Cylinder for Case 1 { 8*,-8°*,0°)

Influence of Initial Imperfection on Buckling Load
of Glass-Epoxy Composite Cylinder for Case 2

(8°, -8° 90°)
Imperfection Sensitivity of Glass-Epoxy Composite
Cylinder for Case 2 { 8°,-89 90°)

Influence of Initial Imperfection on Buckling Load
of Boron-Epoxy Composite Cylinder for Case 2

(8°, -8°, 90°)

Imperfection Seneitivity of Boron-Epoxy Composite
Cylinder for Case 2 ( 8°, -89 20°)

Effect of Imperfection on Axial Buckling Load for
Glass-Epoxy Cylinder for Fiber Orientation

(0°%,0°,0° )

PAGE

23
24
25

26

21

29

30

31

32

33

L




TR TR Y TR SRR

(RIS o LTS

PEETANSSE T2 T

e )

AFFDL-TR-70-125

4 =[]
=[]
Eu +Eiz Eze
€avg

ect

[ 1]

n (2)
e ,e

o

mwn

) (2 ()
F,F,F

SYMBOLS

in-plane compliance matrix

initial postbuckling coefficient; see Eq 11

initial postbuckling coefficient; see Eq 11

compliance coupling matrix

modified bending stiffness matrix

elastic constants

average end-shortening; see Eq 44

pre-buckling average end-shortening at buckling load

end-shortening

prebuckling end-shortening; see Eq 46

see Eq 46

modificd Airy stress function; see Eq 9
modified prebuckling Airy stress function; see Eq 17

Air stress function

see Eq 17

amplitude of radial deflection parameter; see Eq 24
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SYMBOLS (CONTD)

i
4
3
o
=
i
b
X
|
£
b
A

'K amplitude of radial initial displacement; see Eq 54
Ky ,'ﬁ'y,i'xy changes of curvature and torsion

(4 see Eq 14 and 53

4 L/taRE a* 0,07

L length of circular cylinder

L} linear differential operator

m number of axial half-wavelengths

] X ﬁ, ,?4' xy resﬁltgnt moments

M S+

M; i I + 2:1’

n number of circumferential waves

N n/r

N, buckling load, 1bs/in

er”y . ny modified resultant membrane stresses; see Eq 9
Ny buckling load parameter

Nxs Ny Ny resultant membrane stresses in shell
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SYMBOLS (CONTD)

-] [+
Ny i Ny ';‘xy . prebuckling modified resultant stresses

'lg\ix ,ﬁy, ﬁ,‘y prebuckling resultant stresses

T e R R R e Ry B S A o 5

p modified external pressure
£
. P external pressure
£ mT nt
; P — -
iw ntT
! ‘
i ~ R radius of the cylinder's reference aurface
U
r R /(4R? dgp app )74
3 A | thickness of the shell
i - T.Te;r  defined by Eq 29 and 30
: g axial displacement’
~ v U 71aR% d)) a,,)e
2 v circumferential displacement
" ~ [
v V /14R? d)p 0,07
» W radial displacement
’ w modified radial displacement W ./ a, d%,
W initial dis slacement of unloaded shell (imperfectior)
(v'v) (3 (;’ see Eq 17
] 1}
Ix
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SYMBOLS (TONTD)

b/

axial coordinate

X74aR? 4 ap, VA
circumferential coordinate
¥/ 14R% d3z age)”

radial coordinate

defined by £q 42 and 43
defined by Eq 34, 36, and 37

defined by Eq-8

perturbation coefficient (here it is the ratio of buckling
displacement amplitude to the thickness of the shell) - -

scalar load parameter

classical value of scalar load parameter which is taken
to be unity -

maximum value of scalar load parameter for an imperfect
structure

see Eq 24

strain at reference surface

fiber orientation; see Figure 1

angle of initial slope of postbuckling load vs end-shortening
curves; see Figure 2, tan~L {T{%—i)
Ae/ Ae
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SECTION 1
INTRODUCTION

The use of advanced fiber-reinforced composite structural elements in
aerospace industry has been steadily increasing because of their high strength-
to-weight ratios. Considerable effort has been expended in recent years to in-
vestigate the behavior of compoeite structures and their application to aerospace
structures. This report presents results of an investigation of the initial post-
buckling behavior and imperfectior sensitivity of composite cylindrical shelis,
a common structural element of aerospace craft. It is well kiiown that the
classical buckling load obtained by using linear theory is generally incapable
of predicting the actual buckling load, The discrepancy between the 2ctual
buck'ing load and the analytical one is attributed to the departure of the actual
shell from the perfect geometry of the shell assumed for linear analysis. In
general, imperfections in the laitial geometry are not deterministic, and even
if they were i would be difficult to incorporate them into an exact mathematical
analysis, However, it is possible to make qualitative study of their effect on
buckling load.by making certain simplifying assumptions. The behavior of the
perfect structure in the initial postbuckling. region can also be used to predict
the behavior of the actual shell.

The analytical approach selected for this investigation is based on Kciter's
theory (Reference;s 1, 2, and 3). Using the principle of potential energy Koiter
has established a technique to deai with the initial postbuckling behavior and the
imperfecticn sensitivity of the structure. Koiter's theory starting from the
principle of viriual work was further developed and reformulated by Budiansky
and Hutchinson (References 4 and 65).- The extensive application of Koiter's
theory to shell-type strvictures can be found in References 6 through 22, Appli-
cation of Koiter's theory to frames and trusses can be found in other references.

Each lamina of a composite shell is orthotropic with reference to its ma-
terial axis, However, in the case of more than one lamina, if the material axis
in each lamina do not coincide with the geometric reference coordinates of the
structure, the composite shell can be considered as an axiiaotropic shell. The
general theory of anisotropic shells has been developed by Ambartsumyan (Ref-
erence 23). Dong et al (Reference 24) and Cheng and Ho (Reference 25) have
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presentad a linear theory to investigate the buckling behavior of anisotropic
cylindrical shells. Holston et al {(Reference 26) and Tasi et al (Reference 27}
have investigated the buckling strength of filament wound cylinders utilizing
the linear theory in Reference 25. The postbuckling behavior and the influer .2
of initial geometric deviations have been investigaied in References 28 through
30 by applying norlinear theory. In these references the principle of stationary
potential energy is applied, and the resulting nonlinear algebraic equations are
solved by the Newton-Raphson iterative technique,

The numerical results presented in this report are for three-layer cylin-
drical shells of either glass-epoxy or boron-epoxy composites sr:bjected to
axial compression. Because of the large number of parameters involved in
this analysis, the only variable is the fiber orientation in each layer while the
geometric properties of the shell remain fixed. The results presented in Sec-
tion III reveal the influence of fiber orientation and material properties on the
clagsical buckling load, initial postbuckling behavior, and the imperfection
sensitivity of the cylindrical shell.
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SECTION 1II

ANALYTICAL FORMULATION

1. STRESS-STRAIN RELATIONS

The constitutive equations for the composite laminated shell wall are given

by
(1= (1] + [o] [
@] - [o] (7] - (] %]

~ T~ ~
where [e] L K] represent strains and-changes of curvature, while [ N] and
[ M ] are the resultant stresses and moments respectively. The definitions of

elements in matrices [a} , [d] , and [d*} may be found in References 28 and
31.

2. EQUILIBRIUM AND COMPATIBILITY EQUATIONS

Corresponding to Donneli’s strain-displacement relations, the equilibrium
and compatibility equations for a composite cylindrical shell with reference

surface radius R (see Figure 1) can Le written as (Reference 28) two nonlinear
differential equations,

Ii [w]"tz [?] =‘E"i'x" W,'yv +'f:",77 qu—z?,gy W,n- (3)
- Te[w]+ T, [*] = (Woay o = W Wy (4

where W is the radial displacement and F is the Airy siress function. X andy
represent the axial and the cirumferential coordinates on the reference surface
respectively. The differential operators L i in Equations (3) and (4) are defined
by - ’

L[ 1o Dixner +adi] Joxmsy + drasi [ 1.
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Reference Surfaco
(a)

~— Reference Surface

inner
Lcyers Middle

Outer

Genorotrix

(c)

Figure 1. Geometry of the Shell
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The coefficients 2 dll’ G | 1 d22 , etc. correspond to the elements of
matrices [a] . [d], and [d‘]in Equations (1) and (2).

The nondimengional form of nonlinesr Equations (3) and (4), which is used
in the subsequent analysis, is given by

1 T 2 Wiyy * By Woy “2F, W (6)

Lo [Wleiy [F]= ow, 0w, W (7)

XX Tyy
The linear differential operators in the above equations are defined as

L [ ]”%" [ ] xxex +"7[]’xxxy +‘§'[ Jraxyy

+§[ ]’xyvy + % []’yvvv

"‘2[ ]"‘[ ]'xxxx+"[ ]’xxxv +y [ ]'&xvv +€[ ]”‘VVV (8)

+-)-‘ [ ]'yyyy + 2[ ]’xx

L3[ ]3% []'xxxx *B[ ]’xxxy +4a[ ]'“YV

- 7[ ]’xyyy +4¢[ ]'HYY
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where

~ !

N. < Ny R ( oy )'/2
X 2 dz2
~ t Y.
NeyyR oyt di™
Nxy® 2 %3/a
$
2a,, +0g¢
(s, ozz)yz

~ [
= 7 (4R" d3p0py)7

NyR oy di)”2

N, =
’ 2 a4z
¥*
. ( ay dy )'/2
AT
L PP d

Be—2l2e

|A 3/4
Oy °zz/ “;‘P
(Zdet"dzc)
: sz":z'yz Iu

- de;
N 2 il
(ay d:r‘"ﬁ

() /5

(9
¢

V/
Tk

a*
2dg-2dig o/ Su \ 7 's é
y = ~ M ) ~ »* 4"/‘
/022927 92 2 dy, " dge
d:, _dy t+dy, 2dgq
c - ¢ ¢ = » '12
gty d*s/" (0g2 922)
it
du”’zd« . %2 .l
P=— %4» W=W/{g,,dp) F=F — "

(d) dgp)
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The nondimensional stress resultants Nx, Ny, ny are related to the Airy
stress function parameter F by

Nx =Fiyy Ny= Frxx ny:-F’xy (10)

3. INITIAL POSTBUCKLING BEHAVIOR

A short discussion and the essential equations pertaining to initial post-
buckling ‘behavior of a structure are given here. A detailed derivation of these
equations and the discussion on the basic assumptions involved may be found
in References 1 through 5. It has been shown by Koiter that the imperfection
gensitivity of a structure depends on the initial postbuckling behavior of a
perfect structure. This behavior is represented by the relation

A it ae +be? ()
>‘c
where A is the particular value of the load parameter X at the classical
buckling load, A perfect structure may be defined as the one which possesses
a bifurcation point whereas the imperfect structure buckles in snap-through
buckling mode. In Equation (11) € is a perturbation coefficient which can be
considered to represent the contribution by the classical buckling mode to the
buckled state (see Equation 17). The behavior of a structure represented by
Equation (11) is shown in Figures 2a, 2h, and 2c. The initial postbuckling be-
havior is independent of the sign of the buckling mode when a = 0. Then, this
behavior depends only on the parameter "b'" and its value determines the nature
of the imperfection sensitivity. For instance when b > 0 and a = 0 the structure
is not sensitive to initial imperfection-and A increases after buckling (Figure
2b). In case b is zero and a = 0 the parameter A remeins the same as A¢ in
the ‘nitial postbuckling region. Incaseb < 0 anda =0, A decreases after
buckling (Figure 20) Whena# 0 A increases or decreases depending upon the
8ign of the buckling mode.

If the initial geometric deviations ..re assumed to ha: = the same form as

the classical buckling mode, the equilibrium equation in the in.tial postbuckling
region assumes the fcllowing form

(—%—)e + be® =
c

A
AT, v (12)
A

c
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(a) (b) (c)

—— Perfect Structure
--== |mperfect Structure

,0=445 K=+

/
Vi

.----—5:@.3
/ ! :, K =00
\.M—-

)'l)’
o

§=-4s°
K=-0.5

x-pg> §=-90°
K=-® K=-1.0 .

¢avg

¢/
(d)

Figure 2. Load-Deflectior Curves
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where W* is the ratio of the amplitudes of the initial imperfection (fi) to the

radial displacement (h). An expression relating the buckling load parameters of

the imperfect structure ( A g) and the perfect structure ( Xc) can be obtained

from Equation (12) by utilizing the condition, %L\ , = 0- The relation is
=As

(1- *8)3"% W3 | W e (13)

A c A(':
The relation hetween end-shortening and the applied load in the initial post-
buckling region for a perfect structure is given by

e
avg _ A +_l_(_L_‘) (14)
¢cs x<: K Ac

where e avg is the average end-shortening and ) is the prebuckling axial end-
shortening at the classical buckling load (see Figure 2d). The angle of the initial
slope (5 ) of the load vs end~shortening curve is related to the coefficient K in

Equation (14) by
- K
8 = tan~' (T_Ti-) (15)

The information regarding the initial slope of the lcad vs end-shortening curve
is helpful in determining whether the buckling will be gradual or catastrophic.

4. INITIAL POSTBUCKLING ANALYSIS'OF A PERFECT CYLINDRICAL
SHELL

The analysis presented in this section is based on Koiter's general thegry
(References 1 through 6).

If the prebuckling displacémehts are neglected then the prebuckling stresses
are linearly related to the load parameter A . Then

® 2. '/ -
Ay = Ay <=2 [Ne] & =) |

) '
R (o d:)"

2 4%

ANy = AP = A [- 58] (16)

-

~
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Va Y,
o o . r.1 R 9y d
ANgy = =X Fopy = A [ 7] T e

22

where ﬁx is the axially applied compressive load per unit length of the circum-
ference, P is the external radial pressure, and T is the applied torsion,

In the following analysis it is assumed that the classical buckling load
parameter \ c is associaged with a unique buckling mode % and the corres-
ponding stress function ¥, In order to investigate how the structure behaves
immediately after the buckling the functions W and F are expanded in the
following form,

-

|
W=€eW+e W +eW +-- -

—
[, ]
-
N
—
o
o~
o
—~—

(17)

) (2)
AF + eF +€2 F a0

-n
1}

Substitution of the above relations in the nonlinear Equations (6) and (7) gener-
ates a set of linear differential equations. Keeping in mind that A— A, as

€ -0, we note the first 3et of equations corresponding to the classical buckling
mode 6‘) ard-the stress function &‘) are

LW e[ P Yo ne B Wy # By W —2Puy W] 08
Lz[('w)] +Ll, [‘é’] 0.0 : (19)

After obtaining the solution to the( :;:ove (szet, it is necessary to solve the second
set of equations corresponding to W and F) The equations are

(2) (2) o (2) o (2) ® (2)
L W)= Lo [F L= Ae[Fon Moy +FyyWox =2 Fuxy Woy ]

_ (’!_) ) (1) () W W
. = Fogx Wayy + Foyy Wo = 2F, W (20)
(2) (2) ) 2 0) (1)
Le[WItLa[F e (W) — Wy Wy, (21)

10

e A & AT et
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The general expressions for the initial postbuckling coeﬁ)icients "a;' and
TN 2
"b'* in Equation (11) can be evaluated once the functions i’V), SE‘ and ‘)V). &* are
known. They are given by (Reference 6)

0 (1} B () W} () Q)
3 2 2
'é‘ff {EXX (w»y ) + F’yy (wvx) “?-F:xywvx w»y ]d‘dy

(22)
o (1) o (1) o () )
NS [FoWy +FpyWox = 2F Wi Wy | dndy
(t)y @) (2 () (1) (2) (" (1) (2) () {2
2ff[ Frck Wy Woo +F,y Wy, Wy -F,xy{w,“ Wy, +W,, w,,}]dxdy

(2 () @ @ () ()
[ [ R Wy 1 +Fyy (W, F =2F, Wey Wy Jaxdy
b=

(23)
s W) 2 o M) 2 o () W)
XSS [FoxtWg® +Fryy Wy F 2,0y Wy Wy Jaiy

When the coefficients ""a' and "b" are known, Equations (11) through (15) £an
‘e used to study the, initial postbuckling; behavior.

5. CLASSICAL BUCKLING LOAD

The radial displacement parameter corresponding to the-classical buckling
mode for the perfect cylindrical shell is presented bs;
W mwrx n

' W =h~sin-—-—2--cosT-(y-rx) (24)
where 2m and n are {ne number of waves in the longitudinal and circumferential
directions respectively. The parameter 7 is introduced to take into account
the coupling between the changes of curvature T‘x’ Tcy and the torsion k - in the
bending stiffness matrix [d*] (see Equation 2). Equation (24) due to the intro-
duction of t may also be used when the shell is subjected to torsional load. In -

this analysis the boundary conditiong at the ends of the shell are not applied.

In Equation (24) the parameters h, r, and .£ are related to the thickness of the
shell t, the radius R, and the length L by

T S | R L

rs H
(szd :2 ",2 (4Rz d:ﬁ agz )'/‘ (4Rz dT; a 2:"/‘

(25)

11
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Equation (24) can also be written in the fcllowing different form

w:—’aL {sin (M*"Ny) + sin (Px +Ny) (26)
where
R LT R K. . . WP

The compatibility re)lation defined by Equation (19) can be solved exactly
for the stress function SE" in terms of the assumed buckling mode \il This gives

(1) h T
Faedl I3 gintM. =Ny = P Ta .
2 T, sin (M, -Ny) 2 T, sin (Py +N,) (28)

where

Ts = M* = yM®N + Y MENE —ENBM + N4 -8
(29)

Ts == M* +BMN + aa MENE+ y MN® + 4 N*

4
s

T 4 and T6 are obtained from T, and T5 respectively by replacing M by - P,

3

The classical buckling load parameter )\ c is the lowest of all the eigex'x—
value? resulting from the expression obtained by substituting the functions W
and F in Equation (18). This gives

Ao [Ny iME+PT) 4 2R NE 4 28, (P-MIN]

2 2
=1 4 4 LE ST ] (30
where Ts T

r,:%m‘—qmu + i;— ME N2 -guu'-e-%—n‘

and T 2 is obtained from T, by replacing M by - P,
When the cylindrical shell is subjected to axial load alone, Equation (30) reduces
to
2 2
xcﬁ‘a-a{m[r,w,a-—%«r—%—] (31)
The numerical results presented in this report are for a sheil subjected to axial
load only. In order to evaluate the buckling load one can assume A o= 1 and

12
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;
L.}

minimize N « With respect to M, P, and T . In evaluating the classical buckling
loads m and n are assumed to be integers and T noninteger. When Tt =0, it
can be shown that Equation (81) is the same as the corresponding expression in
Reference 28, which was obtained from the principle of minimum potential
energy.

6. EVALUATION OF COEFFICIENTS "a" AND "b"

(1) ()
Since the coefficient "a' in Equation (22) depends on W and F alone, it can
be shown that it is equal to zero for the present case. In order to calculate "b"
% according to Equation (23) it is necessary to solve Equations (20) and (21).
|
o 0 The right side of Equations (20) and (21) which involve the functions w and
i : F are given by

n _x [_E.+-Is-] NZ (M+P )t sin (M- Ny) sin(Pg+N,) (32
L 7y T, x y X y

‘ Ts s

3 and

‘ nt ¢ 2

X —a [M+P] Ntsin (My-Ny)sin (P, 4Ny) (33
respectively. The solution to the simultaneous set of Equations (20) and (21) is

assumed to have the following form

ATy b,

(2)
W= 2 a; sin lwx -t--'—cosg—'?— z )'i{sinM‘x'l»sinPix}

2
g i= 43,8, £ i21,3,8; -
: + -!2- sin 2:’ oy {cos P; x — cos M;x } (34)

=L3,8,-

AR ks B Y

(2 ;
F= X B;sin'—?-i»-—'écozg?y-z 8i{sinMix+tinPix}

13,8 13,8,

: L g0 201 (35)
+'§"’" v 2 Si{cosPix-cosMix}

; i2,3,8,
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where a,, B,,y;,8, are the unknown coefficients and

im 2nt imw 2nt
M = 7 + - Pi=7~—r—-

The coefficienis of the series in Equations (34) and (35) can be obtained by
Galerkin's method. This gives

2.2 2 .
f;.::z) 1}'2 “%*’%) '%"" k-2 ( il1r )z} 6
@ = 6

g (-‘{-)‘ +hfiy 3 (-""2'-)’ + {K(l{-)z-a}2

2 ,.,2 2 .
B =¢{?i2'j4:2) :}2 ( i£1r )‘- o {4 "li— (_‘,_@1;_)2 1w
-anfNimix® T3, T
- 1:\1’ ,.;r.{(.;_l-r—}-:-) T,+T,} -
% T,-Te + T
5, | arf szmz v ‘uw +y, Te }—T‘_{ (39)
where
T, = % (M7 +P5) - (E) (0] P"‘i)+f2—(-‘3;"-)ztmiz+!>?)
-g(-—}'—)s(mpp,)-t-i:? (B2) e ng [ R {5+
vy (20 -2fy {m-n} - ]
e westy oy () wiorhr sy (2) oesh
~£ (-"”-'fl-)3 (M, +P, ) +2X (-"22-)4 -2 (M5 +P)

14
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T, :% *+pt) -8 (-%-) (M7 ~P®)+ 4a (ﬂ'-) (M +P% )

4

3
2n 2n
-y (BY) up -p 148 ()
The condition that the circumferential displacement V be single valued is
2mR_ (2) ~
equivalent to f V,~dy:0. For ¥ a term in the expansion of V similar to
0

Equation 17, this condition is equivalent to

2TR - (2) (2) (2) (2)
f [ 92 Fyy+0z, Fiyy 0,4 F’xy'+ dig W yx
(]
2 (2) Lo @
tdpo W,y t2dg, Wy - W, )+ — ] @0 (40)

It can be shown that this condition is satisfied in the present case.

) 1) (2) (2)
Substituting W F, W, and F in Equation (23) results in the following ex-

pression

b = aNim? 7r S, (a4l
Ac e Sz ’
where y
I __g_ }{ 21 {
{3 - I @ -y =L}
i i2—
21,38, i2—-4m2 i
S
-2 B; m—z + 2 —- (42)
i= 1,3.8, I=|,3’5'...
and
2 °
sp = Ny { (5T) + NP2t} o+ By NF 2Ry N (e

7. INITIAL SLOPE OF LOAD VS END-SHORTENING CURVE

The average end-shortening is given by
L 27R

Covg ==z 27rR f f 4% 4y (44)

L ,27R

[ [ (G -5 Gsf)ex o7 @

15
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where U is the axial displacement. The relation between the end-shortening
and the load can be obtained from the expansion

() 2
e =\e+ee +¢z(e) (46)

Since
A —~ XA, and e—~e,y as € =0

GCK = xc g (47)

where e c lis the prebuckling end-shortening at the classical buckling load. For
a = 0 corresponding to the present case Equation (9) gives

2 A
€ = — {|[~-—-—] D (48)
(- %)
By use of Equation (1) and {45) through (48), the following relation is obtained
e
v . A +-—'-(—'—-—|) (49)
Y Ae KV Xe
where
L 27R @) (2 | () 0
ff {°I2 Fxxtdn Wy 7z (W) } d¥ dy
L. L 2° (50)
K b L 2wR R e R
j;j; [, Fiyy £ 0, Fxx =05 Frxy| 4% a7

Utilizing Equation (9) one gets

t
%ffzv"[o d (2’)“ . %(j—ii_)'/z W,“"l 2*2 (‘252?)'/2 sz: ]dxdy

Gy du il i

x|

f.2wr . * ¢*3/"
ﬂ 22\/2 o dgg o
N, + 9 N --—-—r dx dy
{{ [ °|| ) C“d" 13 a:yz d* Q ]
From Equation (49) it can be shown that in the initial postbuckling region the
slope of the load vs end-shortening curve is given by
tan 5 = K (52)
K+1
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Using Equations (24), (34), and (35), Equation (51) can be written as

*

l [ Q2d2z 47 . d d*  ar .
— | — — z Bi | . ._.'.l.. e N __ z Qi L
b va, d”* 2 i=1,3,8, 4 ar

2
\ 1 ]
T(- d * o di o 1* 3/4 °
2wrl [o.. ,/-—0?:‘2- Ny +ae 7%1-_ Ny+ 0y --V-‘f:m ny]
gy ayy a

(53)

8. INFLUENMCE OF INITIAL GEOMETRIC DEVIATION CN BUCKLING LOAD

In the present analysis the initial geometric deviation of the cylindrical
shell is taken to be

mmwx

—_— - n
W =h sin y; cos — (y-1tx) (54)

where h is the amplitude of initial imperfeciion. As mentioned in Section III,
when the initial geometric deviation has the same form as the classical buckling
mode, the relation between the classical buckling load parameter )\c and the
buckling parameter load of an imperfect structure )\s is given by

(1 -.i‘_’_)% : 33 |w*|_’:.§ (55)
Ae 2 A¢ (also Eq 13)

where W* is the ratio of the amplitude of initial deviation to the thickness of the
shell, i.e., W* = g For a given shell once the coefficient "*b'" is obtained,
Equation (55) can be used to evaluate the buckling load of an imperfect shell
\  for a specified value of W*, Since Equation (55) is nonlinear, a method
similai to Newton-Raphson technique can be used to evaluate )\B/ )\c for a
given W*,

9, CALCULATIONS

For computations, a kortran IV program was written for the IBM 7094
digital computer. Since "'b" and "K" are defined as the sum of a series, the
summation was ontinued until the difference between the consecutive values

17
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is less than 10-5. The output from this portion of the program was used to
evaluate X\ s and the corresponding buckling load parameter N x for different
values of the impegfection parameter W*, From Equation (6), it is seen that
the buckling loadﬁ'x is related to buckling load parameter 'ﬁx as follows

T o I G

LN PRSP

L IR O
Nys —% ( ‘:.z) (56}
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SECTION 1ilI

NUMERICAL RESULTS AND CONCLUSIONS

1. NUMERICAL RESULTS

The behavior of a composite cylindrical shell is a function of a) elastic
constants of the material, b) geometry of the shell (radius, thickness, and
length), ¢) number of layers, and d) fiber orientation in each layer. A three-
layer cylindrical shell of radius 6, 0 inches and thickness of 0, 036 inch is
considered. Tke thickness of each layer ig 0. 012 inch. The shell is of either

glass-epoxy or boron-epoxy composites. The elastic constants of the composites
are as given below.

glass-epoxy boron-epoxy
_ 6 - 6
E,; =7.5x10° psi E,; =40.0 x 10° psi
6 6
E22=3.5x10 psi E22=4.5x10 psi
v,,=0.25 v ,=0.25
G =1.25x10%psi G =15x105psi

vo1 = ¥ Ego/Eqy

Two sets of fiber orientations are chosen to illustrate the effect of fiber orien-
tation on the buckling load and on the initial postbuckling behavior, The fiber
orientations in outer, middle, and inner layers are 1) §°,-8°% 0®and 2) §°,
-8°, 90°respectively for the two sets. The value of @ is varied from 0° to 90°
at ten. degree increments. The results of the twenty cylinders are compared.
For convenience the two sets will be referred to as 1. 8 and %. 8 and the
value of 8 will indicate the corresponding fiber orientation. For illustration,
2. 30 will correspond to the fiber orientation (30°, -30°, 90°). The convention
used in defining the angle 8 is shown in Figure 1. When 8 is 0° all fibers are
axiaily oriented and when 8 is 90° 21l fibers sre circumferentially oriented.

The results are presented in Figures 1 through 14 and also tabulated in
Appendixes I and II. The variation of coefficients ''b" and "K" and the angle ]
for the two sets of fiber orientations are plotted in Figures 3 through 5. The
curves for glass-epoxy and boron-epoxy are shown on the same figure to

19
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illustrate the effect of elastic properties of the material. As mentioned before
the behavior of the structure is determined by the coefficients '"b'" and "K" or
the angile 5 . 'E_he coefficient "*b" indicates the degree of imperfeciion sensitivity
and the angle 6 shows how the failure would cccur. From Figure 3 it can be
seen that the magnitude of "b" is found to be greater for glass-epoxy than that
for boron-epoxy (see Figure 3). This indicates that the glass-epoxy shells are
more imperfection sensitive than the borcn-epoxy shells, A similar conclusion
was reached in Reference 29, where the results were obtained from a different
analytical approach., For both materials as the fiber orientation angle &

changes from 0° to 90°, thie coefficient "b" increases until 6 reaches 40° and
then it decreases.

The topmost curves in Figures 6 and 8 show the variation of classical
buckling load with the fiber orientations in sets 1 and 2 respectively for glags-
epoxy shells. Similarly the topmost curves of Figures 10 and i2 give classical
buckling loads for boron-epoxy shells. For these curves the imperfection param-
eter W* is zero. A comparison of the variation of "b" and the classical buckling
load with the fiber orientations reveals that an increase in classicai buckling
load is accompanied by an increase in imperfection sensitivity. This shows that
a shell with an efficient arrangement of fiber orientation with greater classical
buckling load will be highly imperfection #ensitive. In practice, it may be
advisable to balance these two aspects in order to obtain an optimum design.

Figure 4 shows the variation of the coetficient "K" for the two sets of fiber
orientations. The initial slope 5' of the load vs end-shortening curve is plotted
in Figure 5 as a function of fiber orientation for the two materials. This figure
indicates that the angle 5 for glass-epoxy is not significantly affected by the
fiber orientation, but the high negative value suggests that the buckling of a
nearly perfect shell under prescribed end-shortening will not be gradual but
sudden. However, for boron-epoxy the angle varies with the change in fiber
orientation, and whether the failure is catastrophic or not depends on the fiber
orientation.

The effect of initial geometric deviation on the buckling load is illustrated
in Fig_gt_xres 6 through 13. In Figures 6, 8, 10, and 11 the variation of buc}_d_ing
load N x with change in fiber orientation and the iimaperfection parameter W¥ is
indicated, while in Figures 7, 9, 12, and 13 the variation of the ratio p™=\g/\

20
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is considered, As mentioned before the topmost curves in Figures 6, 8, 10, and
11 correspond to the classical buckling load, where the imperiection parameter
W* = 0. The curve for classical buckling load is characterized by a hump at
intermediate values of 8. For smaller value of W*, the shape of the curve is
similar to the curve corresponding to the classical buckling load. However,

the curve is flattened for large values of W*, It is interesting to note that when

W* = 1.0 the buckling load corresponding to intermediate values of 8 is smaller
than that at & cqual to zero (see Figure 12),

In Figure.14, the results obtained by the theory developed in this report
are compared with those in Reference 32. In Reference 32 the buckling load of
an imperfect shell was obtained from the principle of stationary potential energy.
The radial displacement as well as the initial imperfection was represented by
a four term expression. From Figure 14 it is seen that both thecries give
nearly the same results for small values of W*, For large values of ‘W the
method used in Reference 32 was not able to evaluate the buckling load possibly

because the assumed four term expression for radial displacement function is
inadequate.

2. CONCLUSIONS

The objective of this study was to investigate the initial postbuckling be-
havior and the imperfection sensitivity of composite cylindrical shells subjected
to axial load by using Koiter's theory.

It is assumed that the prebuckling behavior is linear and that the shell is
subjected to proportional loading. From the numerical results presented the
following conclusions can be made:

1) The coefficient"'b" is greater for glass-epoxy shells than for boron-epoxy
shells, This suggests that the boron-epoxy shells are less imperfection sensitive
than glass-epoxy shells,

2) The slope of the initial postbuckling curve depends upon the {iber orienta~
tion for boron-epoxy shells, However, for glass-epoxy shells the slope-remains
practically unchanged.

21
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3) A significant increase in the classical buckling load can be achieved by
proper change in fiber orientation. A shell with an efficient arrangement of
fiber orientation with greater classical buckling load will be highly imperfec-
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ool t 1 4t 4111
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Angle 8
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b
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[
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Angle A

Figure 3, Effect of Fiber Orientation on the Coefficient b
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Angle 8
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Angle 8

Figure 4. Effect of Fiber Orientation oa the Coefficient K
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Figure 5, Effect of Fiber Oriertation on the Angle 8
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600 —

525 --_/ wW*
0.00

450 ¢

375 ___‘——/—‘\\7 _ 0.06_
¢

”210
>
L 3|

300 |-
0.20
225 — 0.40

so F—t———oue— 080,

sl 111

Figure 6. Influence of Initial Imperfection on Buckling Load of
Glass-Epoxy Composite Cylinder for Case 1 (§°-8°0° )
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Figure 7. Imperfection Sensitivity of Glass-Epuxy Composite
Cylinder for Case 1 { 8°-8°, 0°)
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Figure 8. Influence of Initial Imperfection on Buckiing Load of
Boron-Epoxy Composite Cylinder for Case 1 (§°-6°,0°)

28




AFFDL-~TR-70-125

. .
0.75
0.20
0.65
0.40
0.55 |—
»*
P 0.60
0.45 }—
-

.00
0.3%5

0.25

st 1 t 1 1 1 1 1 |

{0 20 30 40 50 60 70 80 S0
Angle 6

Figure 9. Imperfection Sensitivity of Boron-Epoxy Composite
Cylinder for Case 1 (8°,-8° 0°)
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Figure 10. Influence of Initial Imperfection on Buckling Load o
of Glass-Epoxy Composite Cylinder for Case 2 (8,-8°9
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Figure 11. Imperfection Sensitivity of Glass- goxy Composite
Cylinder for Case 2 (8°, - 8°, 90°)
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Figure 12, Iofluence of Initial Imperfection on Buckling Load of
Boron-Epoxy Composite Cylinder for Case 2 (§%-6°9¢C°)
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Figure 13. Imperfection Sensitivity of Boron-Epoxy Composite
Cylinder for Case 2 ( 8°,-~8°, 90°)
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TABLE I-1

CLASSICAL BUCKLING LOADS FOR GLASS-EPOXY

COMPOSITE CYLINDRICAL SHELL

CASE Ny L T

1o G T.5952E-01  4.9252E 02 O

1,10 T.8169E-01  4.9917TE 02 =-B8.5319E-02
1620 B844339E-01  5.1645E 02 -6.2068E-03
1.30  9.21956-01  5.3473E 02  B8.2758E-02
144G 9.7402E-01  504200E €2  142210£-01
1.5C  9.7010E-01  5.3668E 02  9.0924E-02
1666  9.1464E-01  5.2119E 02  1.0179€-01
1,76 8.4148E-01  5.0247E 02  4+8323E-02
1.80  7.82306-01  4.8752E 02 ~-1.3905E-03
1.90  T.6128E-01  448296E 02 0.

2. G 6.8953E-01  4.8169E 02  O.

2010 7.0855E-01  448596E 02 ~1.£861E-01
220  T.6841E-01  5.008lE 02  =-3.1409E-01
2.3C  B.5T9LE-01  5.2224E 02 ~T.0748E-03
2,40  9.32956-01  5.3689E 02  1.6057E-01
2050  9.4474E-01  5.3569E 02  4.6953E-01
2.60  9.0268E-01  5,2638E 02  4.0416E-01
2.7C  8,37326-01  5.1198E 02  1.6398E-01
2.80  7.8123E-01  4.9811E 02  1.3703E-01
2,96 T.5961E-01  4.9258E 02  O.

o o -~ -4 o o o -4 o o 3

10
10

11
11
12
12
12
12
12
12
11
11

11
11
11
12
12
1 $3
11
12
11
11
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TABLE 1I-2

COEFFICIENTS FOR INITIAL POSTBUCKLING BEHAVIOR OF GLASS-EPOXY
COMPOSITE CYLINDRICAL SHELLS

CASE
1. ©
1.10
1.20
1.30
1.40
1.50
1.60
l1.70
1.8C
1.90

2 G
2.10
2.20
2020
240
245G
24,60
2.7C
2480
2,90

b
~1.2858E 00
~13683E 00
-1.6997€ €0
-2.,0272€ GC
-1.8685€E 00
~1.5608E Q0
=1.46C0E Q00
~1+.2168E 00
~8.7801E~01
-842554E-01

~1.4411E 00
~1.5548E GO
~1.8957E 00
~1.9564E 00
-2.6153€ 00
-2.4321t 0Q
=1+9659E €O
-1,6502€ Q0
~1e4271€ GO
-1.3286& 00

K
~6.5494E
~T.2222E
~7.7070E
=1.4573E
~1.5319E
-1.3816E
=9.2855¢E
~7.3407E
~6.8650E
=643296E

-4,98J1E
-~5.4624E
-7.2920€
~648003E
-1.1257€
~1.1888E
-9,7792E
-6.92C5E
~649444E

~H43947E

37

00
00
00
ol
o1
o1
00
06
00
00

co
00
00
ol
ol
01¢)
oG
Co

Q0

1/K
-1.5269E-01
=1.3846E-01
~1.2975€E-01
~648618£-02
-6.527T7E-02
~7.2382€-02
-1.0789E~-01
~1.3623E-01
=1.4567E-01
~1.5799£-01

-2.0080€E~-01
-1.8307e-01
-1.3714£~-01
~1.4705E-01
~8.8833E~-02
=8.4116E-02
~1.0226E~-01
-1.4452%E-01
-1+4400E-01
~1+56138E-01

6
~143028E
-1.3075€
-1.3103€
-1.3297E
-1.3307¢
=1.3285¢E
~1e3174E
-1.3082E
-1.3051E
-1.3010¢E

-1.2863¢E
~1.2925E
-1.3079¢E
~1.3046E
~1+3234E
=1.3249¢
-1.3192E
~1+3055¢E
=143056E

~1.3015E

02
02
02
02
02
02
02
02
02
02

02
J2
02
02
02
02
02
02
02
02
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TABLE -3

BUCKLING LOADS FOR IMPERFECT GLASS-EPOXY SHELL

CASE
le U
1.1C
1.20
1.3u
1.48
1.5C
1.6G
1.7C
1.8C

1.90

2. C
210
2.2C
2.30
2e4l
2456
2.6C
2,70
2.83

2.90

e

Nx
6.9147E~D1
7.1027€~01
7.6Q095&-01
8.2677E-01
8.7597E~01
B8.7776E-01
8+.2$37E-01
7.6738E-C1
T+2012E-01

7.6193E-01

6.2551E-01
6.4118E~01
6.9071E-01
7.7031E-01
8.2876E-01
8.4156E-01
8.1037€-01
T.5622E-01
7.0891E~01

6+.9085E~01

w*‘ 0&01

2
Nx
4.4839¢E
4.5357¢E
4,6597E
4,7952€E
4,8T44E
4,8559E
4,7260E
4.5822€
4.48TTE

4,4531E

4,3696E
4,3976E
4.5017E
4,6B91E
4, T693E
4eTT19E
4. T255¢E
Le6239E
4.,5200¢k

4.4799E

38

02
c2

c2
02
02
02
02
02
c2

02
02
2
02
02
e2
02

02

02

p*
9.1040E~01
9.0864E-J1
9.0225t-01
8.9676E-01
8.9933E-01
9.0481E-01
9,067TE-OL
9.1193E-01
9,2051E~01
9,2204E-01

9,0715€~01
9.0492E-01
6.9888E~-01
8.9789€-01
8.8832E-01
8,9079€-01
8.9774E-01
9.0315E-01
9.0743E-01
9.0948€E-01
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TABLE I-4

BUCKLING LCADS FOR IMPERFECT GLASS~EPOXY SHELL

CASE
le ¢
101G
1,20

1.3¢

Nx
6.5529E-01
647239E-01
7+1755E-01
T.7698E-01
8.2453E-01
842899E~01
TeB8424E-01
Te2792E-0
6+8667E-01

6.6996E-01

5.9101€-01
6.0561E-01
6.4997E-01
Te2443E-91
T.7481E-0G1
T.8798E~01
7.6203€-01
T.1348E-01
6.7061E-01

6+.5434E-01

W=

Nx
4.2493E
4.2938E
4+3939E
4,5065E
4+5882E
4+5862E
4.4688E
4e3465E
4.2793E

4.2502E

4.1328E
401536E
4.2362E
4+4099¢
4.4588E
% +4680E
4.4436E
4.3626E
4e2T58E

4.2431E

39

0.02

02
02
02
02
02
32
02
02
02
02

02
02
02
02
02
02
02
02
02
02

*

P

846277E-01
8.6018E~01
8.5079E~01
8.4276E-01
8+4652E-01
845455€-01
845743E-01
8.6504E-01
8.7776E~-01
8.8C04E-01

8.5798E-01
845471E-01
8.4586E01
8e4441E-0D1
843049E-01
8+3407€~-C1
8.4419E~01
8.5210€-01
8+5840E~01

8.6141E-01
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% TABLE I-5
; BUCKLING LOADS FOR.lMPERFECT GLASS=-EPUXY SHELL
W¥= 0.04
— 2.
CASE N: Nx P*

le C 6.0299E-Cl 3.9102E Q2 7.9391E~-01
1.10 6.1773E-01 3.9447€ 02 7+9025€~01
1.2C 645535E-01 4.0130E 02 T.T704E-01
1430 7+0606E-01 4.0951E 02 T+.6583E-01
1.40 T«5104E-01 4.1792E 02 7.7107€-01
1.50 Te5692E-01 4+1985E (G2 T.8231E-01
1.60 T.1924E-01 4.0985E 02 T«8636E-01
1.7C 6.7077€~-01 4.0053E 02 T.9712E-01
1.80 6+3779E-01 3.9747€ 02 8.1528E-01
1.9C 6.2315E-01 3.9533E 02 8.1855€-01

2. G 5.4276E-01 3,7916E C2 T«8715€-01
2.10 5.5447E-91 3.8028€E Q2 T.8254E-01
2.20 5.9179€-01 3.,8570€E 02 T+7015E-01
2.3 €.5898€E-01 4.,0115E 02 7.6813€-01
240 6+9865E-01 4.0206E 02 T+4886E-01
2450 T.1214E-C1 4.0380E& 02 T7.5379E-01
2460 6.93092€-01 4.0416E V2 7.6782E~01
270 645217E-01 3.9877E 02 7.7888E-01
2,80 6¢1540E-01 3.9238€ 02 T.8773€-01

2.90 6.0160E-01 3.9012E 0¢ 7¢9199€-01
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TABLE 1-6

BUCKLING LOADS FOR IMPERFECT GLASS-EPOXY SHELL

CASE
1. G
1.10
1.20
1.30
le4C
1.50
1.60
1.70
1.8C

1.90

2. C
2.10
2420
230
2440
2450
2.60
2,70
2480

2.90

Ny

5.6347E-01
5.7651E-01
6,0880E-01
6.5332E-01
6.9623E-01
7.0631E-01
647034E~Cl
642751E-01
6.0042E-01
5.8729€~-0C1

5.C600E-01
5.1608E~01
5¢4842E-01
6.1026E-01
6.4258E~-01
6¢5614E~-01
6.4177E-01
6.0623E-0C1
5.7383€-01

5.6180£E-01

W*= 0.06

°

i&
3.6539¢
3.6814E
3.7280¢
3,7893t
3.8742E
3.9075E
3.8198E
3.7470E
3.7417E

3.7258E

3.5348E
3.5395¢
3.5743E
3.7148E
3.6979¢€
3.7205¢
3.7424E
3.,7068E
3.658TE

3.6431F

41

02
02
0¢
02
62
02
02
02
02
02

02
02
02
02
02
02
02
02
02
02

p*

7.4188E-01
T+3751E-01
T.2184E-01
7.0863E-01
T.1480E-01
7.2808E-01
7.3290E-01
Te4571E-01
T.6750E-01
Te7145E-01

7+3383E-01
7.2836E~01
7.1371€-01
7.1133E-01
6.8876E-01
649452E-01
7.1096E-01
T.2402E-01
T¢3452E-01

T.3959€E-01
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TABLE 1-6

BUCKLING LOADS FOR IMPERFECT GLASS-EPOXY SHELL
W*= 0.06

CASE -N-x _;Tx p*

le G 5«.634TE~01 3.6539E 02 T«4188E~01
1.10 5.7651E~01 3.6814E 02 T«3751E-01
1.20 6.0880E-01 3.7280€ 02 T42184E-01
1.30 6.5332E-01 3.7893E 02 7.,0863E-01
1l.40 6.9623E-01 3.8742E 02 7.1480E-01
le5¢ 7.0631£-01 3.9075E 02 7.2808€E-01
1.60 6.7034E~Cl 3.8198E 02 7.3290€-01
1.70 62751E-01 3.7470€ 02 Te457T1E-01
1.8 6.0042€E~C1 3.7417E 02 7.6750:-01
1.90 58729E~01 3.7258E 02 TeT145E-01

2. C 5.C600E-01 3.5348E 02 7.3383E-01
2,10 5.1608E-01 3.5395E 02 T.2836E-01
2420 5e4842E-01 3.5743E U2 7.1371E-01
2430 6.1026E~01 3.T7T148E 02 7.1133E-01
2.40 6.4258E-01 3.6979€ 02 6.8876E-01
2450 6.5614E-~01 3.7205€ 02 6+9452E~-01
2.60 6.4177E-01 3.T424E 02 7.1096E-01
2.70 6.0623E~-01 3.7068E 02 T.2402E~-01
2+80 5.7383€-01 3.6587€ 02 T«3452E-CL

- 290 5.6180E-01 3.6431€ 02 7.3959€~01

41
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TABLE I-8

BUCKLING LOADS FOR IMPERFECT GLASS-EPOXY SHELL

CASE
1. C
1.10
1.26
1.390
l.4C
le59
l.69
1.70
1.85

1.9C

NX
5.U376£-01
5¢1437€-01
5¢3924E-01
57511E~G1
64146501
6.2744E-C1
54968lE-01
5.6201E-01
5.4315c~01

5.3223E-01

4.5C69E-01
4.,5851E~01
4+8392E-01
5.3788E~C1
5.6037c~01
57376E-01
56556E~C1
503752E~01
501128E-01

50173E-31

W=

NX
3.266TE
342847E
3.3020¢
3.3356E
3.4203E
3.4711E
3.4008E
3.3559E
3.3848E

343765¢E

3.1484E
3.1447E
3.,1539E
3.2743E
3.2248E
3.2533E
3.2979E
3.2866E
3.2599E

342536E

43

0.1¢

cz
02
4
02
02
02
02
c2
0¢

02

p*
6.6327E-01
6.5803€-01
643937E-01
6,2379E~-01
6.3105€~C1
6.4677E-01
6.525ic-01
6.,6787E~01
6.9430E-01

6.9913E-01

645362E-01
644711E-01
6.2977€e-01
6¢2697E-01
6.0065&-01
6.0732E-01
6.2653E-01
644195t-C1
605445E-01

€.6051t-Cl
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TABLE I1-9
BUCKLING LOADS FOR IMPERFECT GLASS-EPOXY SHELL
w*= 0.20
_ .
3 CASE Ny ﬁx p*
i. ¢ 4401722E-01 2+642TE Q2 5¢3616E-01

1.10 4.1433E~01 2.6458E 02 5¢3004€-01
l.20 4¢2891E-01 246264E Q2 5.0856E~-01
1.3C 4.5262E-01 2062528 02 4¢9094E~01
1.4G 4.8614E-01 2.T051E 02 4.9910E-01
1.50 5.0157€~01 2+TT48E 02 5.1703E-01
1.60 4,7895E-01 2.7292E 02 $.2365E~-01
1.70 4.5571E-01 2T211€ Q2 5,41555-01
1.80 4.4828E-01 2.7936E 02 5.7302E-01
1.90 4.4563E-01 2.1957€ 02 5.7887E-01

2. 0 3.6196£-01 2.5285E 02 5.2493E-01
2.10 3.6662E-01 2.5144E 02 5.1742E-01
20208 3.8241E-01 2.4923E 02 4.9766£-01
2430 4¢2424E-01 205825€ 02 4.9450E-01
2,40 4¢3410E-01 2.4981E 02 4¢6530£-01
2650 4,4650E-01 245318E ©2 4,7262E-01
2060 444594E~-01 2.6004€ CO2 449402E~-01
2.70 4.2829£-01 2.6188E 02 5.1150E-01
2.80 4.1085E-01 2.6195¢ 02 5.2590€-01

2.90 4.C483E~01 2.6252E 02 503294E~-01
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TABLE 1-10

BUCKLING LOADS FOR IMPERFECT GLASS~EPOXY SHELL

CASE
1. O
1.10
1.2C
le30
1.4C
1.50
1.63
1.70
1.839
1.90

2. C
2.1¢C
2428
2.30
2440
2.5C
2.60
270
2.8C

2490

Nl
3.4566E-01
3.5C84E-01
3.6007€-01
3.7726E-01
4,0655E-01
4,2251E-01
440452E-01
3.8765E-01
3.8609E-01
3.8041E-01

3.0587E-01
3.0887€-01
3.1961€~-01
3.5412E+01
3,5804E~01
3.8939€E~01
3.7216E-01
3,.57997€E-01
3.,4731E-01
3.4319E~01

W =

N,
2.2415E

2024G4E
2.2049€
2,1881E
22623E
2.3374E
203051E
203148E
2.4060E
244133E

2.1367E
2.1184E
2.0831E
201557E
2.0604E
2+0945E
2.,1702¢
2.2010E
2.2145€E
2.2255E

0.30

02
02
02
02
02
02
02
02
02
92

02
02
Q2
G2
¢2
c2
ve
02
02
02

*

P
4.5510E-01

4.4882E-01
4.26935-01.
4.0920E-01
4.1739E-01
4.3553E-01
40422T7E-01
4.606TE~01
409353E-01
4.9970E-01

4.4359€E~01
4+3592E-01
441594£-01
401277€-01
3.8377€-01
3.9099t-01
4.1228E-01
4+2991E-~01
4.4457E-01
4.5180E-01
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TABLE I-11

BUCKLING LUADS FOR IMPERFECT GLASS-EPCXY SHELL
wW* = 0,40

(-]
»*
CASE Nx Nx P

le C 3.0166E-01 1.9562E 02 3.9718E~01
l.1¢ 3.0562E-01 1.9516E Q2 3.9098E-01
le2¢ 3.1164E-01 1+9083E Q2 3.6951E-01
1.3C 342480E-01 1.8838E 02 345229€E-01
le4(C 3.5C87E-01 1.9524E 02 3.6023E-01
1.50 3.6661E-01 2.0282E G2 3.7791E-01
1.60 3.,5170€-01 2.0041E 02 3.8453E-01
1«70 3.3886E-01 2.0234E 02 4.0269E-01
1.80 3.4C71€-01 2.1233€ 02 4.3552E-01
1.9C 343629E-01 2.1334E Q2 4.4174£-01

2¢ 2,6603E-01 1.8585E Q2 3.8582E-01
2.1C 246504E-01 1.8384E C2 3.7829E~U1
2.20 2.,7572€-01 1.7970€ 02 3-588é5-01
2430 3.7520E-01 1.8579€ 02 3.5575€E~01
2.4C 3.,0589€-01 1.7693E 02 3.2787e-01
250 3.1627€E~01 1.7933E (G2 3¢34T7E-~01
24606 3.207CE-01 1.8701¢€ 02 3.5528&-01
2470 3.1183E-01 19067 02 3.7242E-01
2.80 3.0217€-01 1.9266E 02 3.8679E~01

2430 2.9922€E-01 1.94J3E Q02 3.9391&~-01

46
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BUCKLING LOADS FOR

CASE
le ©
1.10
1.20
1.30
le4C
1.50
le6U
1.70
1.80
1.90

2.10
2620
2430
2e4C
2450
2460
2.70
2480

2.90

Ny
246824E-01
2.7136E-01
2.7530E-01
2.8574E-01
3.G927£-01
3¢2451E-01
3.1180E~01
3.0173E-21
3.0566E-01
3.0212E-01

2.3592E-91
243728E-01
2.4295E-01
246872£-01
2.6751E-01
2.7706E~01
28234E-C1
2.,7566E~-01
2.68C03E-01

2.6586E-01

TABLE 1-12

ERFECT GLASS-EPOXY SHELL

0.50

[

Ny
1.7394E
1.7328E
1.6858E
1.6573E
1.7209E
1-7953E
l.77¢CTE
1+.8015&
1.9048E
1.9167E

1.6481E
1.6274E
1.5834E
1.6358E
1¢5395E
L.5710E
1.6464E
1.6855F
1.7090E
1.7240E

92
02
02
02
02
02
02
02
02

02
02
02

92

32
02
02
2

02

p*

3¢5317t-01
3.4715E-01
3.2642E-01
3.0993&E~01
3.1752E-01
3.3451E-91
3.4090E-01
3.5853E-01
3.9071E-01

3.9686E-01

3.4215€~01
3.3488E~-01
3.1617&-01
3.1323¢-31
2.8674E-01
2.9327E-01
3.1278E-01
3.2922E-01
344309€-01

? 4999t-01
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TABLE I-13

BUCKLING LGACS FDR IMPERFECT GLASS~EPOXY SHELL
w%=z 0.80

CASE N, N, p*

le G 2.0243E-01  1,3127E 02  2.6653E~01
1.1 2.0417E-01 1.3038E 02  2.6119E-01
1.20 2.0498E-01  1.2552E 02  2.4304E-01
1e3¢  2.1098E-01  1.2237E 02 2.2884E-01
1664C  2429236-01  1.2756E 62  2.35356-01
1e50  2.4261E-01  1.3422E 02  2.5009E-01
1a6G  2433B6E-01  1.3326E 02  2.5569E-0i
1,70 2.2830E-01  1.3632E 02  2.7131c-01
1480  2.35C3E-01  1,4647E 02  3.0043E-01
1,90  2.3302E-0%  1.4763E 02  3.0609E-01

2. O 1.7706E-01 1.2369E 02 2456T7T9E~-C1
2s1¢ 1.7743E-01 1.2169E 02 2.5041E-01
2426 17995€-01 1.1728E 02 243419E-01
2.3C 1.9875E-01 1.2098E €2 243166E-01
245 1.9518E-01 1.1232€ 92 240921€-01

2450 2.0283E~01 1.15C1E 02 201470E-01
2.6C 2.0877E-01 1.2174E 02 2.3128£-01
2.70 200554E-01 1.2568Et G2 244547E~01
2.80 2.,0126E-01 1.2832€ G2 25762E-01
2490 2.0032E-01 142990t 02 2,637ic~01

46
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TABLE I-14

BUCKLING LOADS FOR IMPERFEFT GLASS~EPOXY SHELL
W= g.90

— — *

CASE Ny Ny P

le © 1.8732€-01 L1a2147E $2  244662E-01
1ol 1.8679E~01 1.2056E 02  2.4151E-01
1.26 1.6906€E~01 L1.1577E 02 2.24176-01
1.30 1.9421E-01  1.1264E 02  2.1065E-01
1.40  2.1120€-01 1e1753E G2  2.1684E-01
1e56  2.2399E-01  1.2392E 02  2.3389E-01
1660  2.1608E~01  1.2313E 02  2.3624E-01
1,70 2.1139€-01 1.2623E 02  245121€-61
1.80  2.1847€-01 1.3615E 02  2.7927€-01
1.9¢  2.1676£-01 1.3751E 02 248473E-0L

2. G 1.6362E-01 1.1430E 02 2.3730E-01
2.1¢ 1.6382€-G1 1.1235€ 92 2.3120&E~01
2.20 1.6577E~-01 1.080%E 02 2.1573E-01
2.36 1.8302€~-01 1.1141€ 02 2.1233E-01
2440 1.7918€-0] 1.0311E 02 1.9205€~-01
2450 1.8634E~01 1.0566E 02 1.9724E-01
2469 1.9224E-01 1.1210€ 02 22129701
279 1.8964E-01 1.1596E (2 2.2649E-01
2.89 1.8600E-01 1.1859E 02 2.3809E~-C1
2490 1.8529€-01 1.2015€ 02 204392E-01

49
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TABLE I-15

BUCKLING LOADS FOR IMPERFECT GLASS-EPOXY SHELL
W= 1.00

.
CASE [ Ny p*

1o 6 1.7435E-01  1.1306E €2  2.2955€-01
1010 1.7561E-01  1.1214E 02  242465E-01
120 1.7548E-01  1.0745E 02  2.0806E~01
1.3C  1.79956=01  1.043TE 02  1.9518€-01
1.40  1.95856-01  1.0898E G2  2.0108E~01
1.5C  2.0808E~01  1.1511F 02  2.1449E=01
1460  2.0086E-01  1.1446E 02  241961E-01
1.70  1.9687E=01  1.1755E G2  243395E-01
1680  2.04166-01  1.2723E 02  246097-01
1,90  2.0269E-01  1.2859E 02  2.6625E-01

2. C 1.5212€~C1 1.0627E 02 242061E-01 : :
201G 1.,5218E~-01 1.0438E 02 2.1478E-01
220 1.,5370€-C1 1.0017€ 02 2.0002E-01
2.30 1.6964E-01 1.0327E G2 1.9774E-01

2449 1.6563E-01 9.5313€ Q1 1.7753E~01
250 1.7236E-01 9.TT734E 0O} 1.8245€E-01
246G 1.7818E-01 1.039CE 02 1.9739E-01
270 147607E-01 1.0766E C2 2.1028E-01
2.80 1.7294E-01 1.1027€ ¢2 2.2137€E-01%
2090 1.7240€-01 1.1180E C2 2,2696E~01
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TABLE I-16

BUCKLING LOADS FOR IMPERFECT GLASS-EPOXY SHELL

CASE
1. ¢
l.1C
1.2
1.30
la4G
1.50
1,60
1.70
1.890

1.9¢

26

o©

2.10
2020
203C
2,40
2050
.60
2.70
2.80
2.90

NX
1.6309€-C1
1.6418€E~01
1.6375€~G1
1.6767E-01
1.8261£-01
1.9431E-01
1.8768E-01
1.8425E-01
1.9165€E-01
1.9039€-21

1.4215E-01
1.4212E~01
144329€E~91
1.5811E~01
1.54C0E-01
1.6036E~01
1.6606E-01
1.6434E~01
1l46163E~01
1.6123E-01

*= 1.12

NK
ie0576E
1.0484E
1.0C27E
9.7248E
l.0162¢
1.0750€
1.0695€
1.1002€
1.1944E
1.2(78E

9.93C6E
9.T473E
9.339)¢
946248E
8+8625E
9.9928E
9.6836E
1.9049E
1.0305E
1.0455€

51

02
02
c2
01
02
02

G2
02
02

G1
Gl
01
01
01
J1
o1
02

02

po*
241473E~01
2.1003£~01
le9415€~21
1.8186€E~C)
1.8748E~01
2.0030E~01
20(0520E~01
241896£~01
244498E~01
245G09E-01

2.0616E~-01
2.0058€~01
1.8648E~01
1.8430E~C1
1,65907E~01
1.06574E-01
1.8397€-01
1.9627e~-01
2,0689E~-01
2.1225€-01
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TABLE I-17

BUCKL ING LOADS FOR IMPERFECT GLASS-EPOXY SHELL
w*= 1.20

—— e

CASE Ny Ny p*
le 0 1.53235-01  9.9362E 01  2.0174E-01
* 1.10 1.5417€-01% 9.8450E 01 1.5723E-01
i 1.20 1.5351E-01  9.4000E 01  1.8201€-0i
: 1.30 1.5698£-01 9.1046E 01 1.7027€-01
1440  1.,7107E-01 9.5132E 01  1.7563E-01
1.50 1.8228€E-01 1.0084F 02 1.8789E-01
1.60 1.7615E-01 1.0038E 02  1.9259E-01
: 1.70 1.7318E-01 1.0341E 02  2.058CE-01
E 1.80 1.8062E-01 1.1256E 02  2.3089E-01
;f 1.90 1.7953E-01 1.1389E 02  2.3582E~01

f 2. ¢ 1.3343E-01 9.3214E 01 1.9351E-0Q)
2.10 1,3332E-01 941437E 01 1.8816E~01
2026 134226~01 8eT4TTE 41 1.7467€-01
H 230 1.4807€~01 9.0134€ 01 1,7259E-01
2440 1.4392€E-01 8.2822E 0Ol 1e5426E-01
! 2.50 1.4994E-01 8.5018E Ul 1.,58T1E-01
2460 1.5551E~01 9.,0681E vl 1.7227€-01
é 270 1.5410E-01 9.4223E 0Ol 1.8404E~01
2480 1,5172€-C1 9.6738E Gl 1.9421£-01
) 2490 1.5143E-01 9.8199E G1 1.9936E-01
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RESULTS FOR BORON-EPOXY CYLINDRICAL SHELL
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TABLE Q-1

CLASSICAL BUCKLING LOADS FOR BORON-EPOXY

CCMPOSITE CYLINDRICAL SHELL

CASE Ny ":T,; T

l. 4,9689E-91 8.3431E 92 0.

1.10 5.5830E-01 9.1484E 02 =-1.3180E-01
1.20 7.3189€-01 1.11398 03  -3,6614E-02
1.30 9,2889E-61 1.2774E 03 1.5877E-01
1,40 1.GC63E 00 1.3076E 03  9.9878E-C2
1.5C 9,1776E-01 1.2198E 03  3.5287&E-02
1.60 7.5523E~01 1.0814E 03 -1.4138E-01
1.70 5.9751E-01 9.5176E 02 =2.1646E-01
1680  4.5831E-91 844310E G2 -1.1822E-01
1.90 3.8187E-01 7.8051E 02 0. \

2. ¢ 3.6906E~01 7.8186E 02 O,

2.10 3,8304E-01 7+8503E 02 =~4.6531E-01
2.20 4+6CB1E~O1 8.5540E 02 ~5.5227E-01
2030 6.2866E~01  1.0018E G3  -6.5034E-01
2.40 8.8475E~01 1.2166€E 03 =3,8673E-02
2.50 1.C010E €O 1.3028€ 03 1.9851E-01
2.63 9.2021E-01 1,2488E 03  2.9679E-01
2.70 7.4740E-01 1.0967€ 03  1,8031E-01
2.8¢ 5.7750E-01 9.,2042E 02 5.8553E~02
2.90 449668E-01 8¢3395€ 02 0.

™ =~ o w O Vi W\ W » +

®© ~N o N

13
15
14
14
13
11

"

10
11
12
13

13
12
12
11

11

11
10
11
11

13

13
13
12
193
10
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COEFFICIENTS FCR INITIAL POSTBUCKLING BEHAVIOR OF BCRON-EPOXY

CASE
.70~
1.1
1.20
T30
"~ Te4G

1.5¢

16T
1.70
1.80°
190 7
2. G
2.10

2.20
2430
204C
2.50
2.60
2,70
2,80
2.90

TABLE II-2

COMPOZITE CYLINDRICAL SHELLS

b

<3.9794E-0T "

~544781E-01
-1.1065€E 00

"=1e3955E

<1.2528E 00
~1.1986E 00

"=Te1149E-01
"~642618E-01

-444361E-0%

"=243691E-01

~243434E-01
~4.1941E<01
-5.9229E-01
~9,6021E-01
~2.1958E 0O
~1.9179E 00
~1.7937E GO

.Z1s1143€ 00
~5,9263E-01

=3.9614E-01

K
-1.4208E 00
-2.145%9E 00
~4.3639E Q0
-8.1540E 00
-1.9097€ 01
-6.9%2LE 00
=5.0756E 06
-205845E 00
=1+2444E 00

-4.7639E-01

=3.6425E-01

-7.3781E-01

-9.5423E-01
=1.9101€
~4,7966E
-501617E
=~5.647%E
~3+8T24E ¢
=1e9T795E
-1+6518E

66

1/K
~T+0384E-01
~4.6601£-01
-2.2915E-01
=1.2264E-01
~9.9043E-02
=1.4405E-01
-1.9702E-01
-3,8693E-01
-8.0357€-01
-2+\1991E 00

~24T453E 00
=1.3554E 00
-1.,0480€ 00
=542354E~-01
=2.0848E-01
=1.9373E~-01
~1¢5042E-01
-245824E-01
~540517€-01
~6+0539E~01

6
-1.0650€E
~-l.1810¢E
=1.2763E
-1.3126E
~1.3202¢E
=1.3056E
~1.2876E
=1.2151E
-1.0111€
~442296E

-2.9811E
=T.0436E
+8.T254E
-1.1548E

1.2836E
-1.2888E
~13035¢
~1.2657E
-1.1633¢
-1.1153E

02
02
02
02
g2
02
4
02
32
ol

91
oL
01
02
02
02
o2
02
02
02
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é‘; TABLE I-8

: BUCKLING LOADS FOR_IMPERFECT BORON-EPOXY SHELL

w *= 0,01

. CASE Ny N, o N
1o 0 TEEEITE-O1" ~ 7.827Z€ 02  9.3817E-01

’ 1.10 ~ '5.2008E-CG1l  845221E 02  9.3154E~01

: 120  6.6933E=01  1.0187€ 03  9.1452E-01

3  T.367 TB.43SGES61  T.160E 03  9.0808E-01
1.40  9.1686E~01 1.1914E 03  9.1112¢-01
1650  8.3732E-01  1,1129€ 03  9.1235E-01

: 1320 77 809996E-017 ° 1,0010E 03 9.2562E-01

' 1270 ~ 5.5483E-01  8.8378E 02  9.2857£-01

‘ Te80 ~ 4.2897E-01  7.8913€ 02  9.3599E-01

4 1.90 7 T3.6182E61  7.3953E 02 9.4749E~01

[ 20 0 3.4980E~01  7.4106E G2  S.4782E<DL
2010 3.5895€-01  7.3567E 62  9.37126-01
2020  4.284T7E-01  T.9537E 02  9.2982E-01 ‘
: 2.3C  5.7726E-01  9.1990E 02  9.1824E-01

E 2040 T.91126=01  1.0879E 03  8.9418E~01

f, 2050  8.9943E-01  1.1706E 03  8.9853E-01
2060  8.28T4E-01  1.1247E 03  9.0060E-01
2070 648337€-01  1.0027€ 03  9.1433E~01

E 2.80  5.3696E-01  B8.5581E 02  9.2981E-01
2490 4¢6501E=01  ToB246E 02  9.3826E-01
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TABLE II-4

BUCKLING LOADS FOR IMPERFECT BORON-EPORY SHELL

W*=" 0.02
. — 2

To T T R4930E<01 T T7s5441E 02 T '9.0423E-01
o107 4.9926E-01  8.1809E 02  £.9424E-01
1,20 643591E~C1  9.6782E 0z  8.6886E-01
o307 T TTTL9824E<01 T 1L097TE 03 8.59356-01
1.40 7 846929E-01 T 1.1296E 03 8.6384E-01
Te5G™ To9A46E-01 ~ 1.0559E 03  8.6565E-01

T80 "8 6866E<01 T T9.5745E 02 6.3538€-01
1«70 7 543166E-01 " BF6BTE 02 8.8979E-01
T80  T&JIZOLE-01 T T.5958£ 02  9,0094E-01
15907 BUS0TOE<01I T.16T9E 02 9.1837E<01

2. 0 3.3911E-01  7.1842€ 02 9.1886E~-01

2010 3.45TSE-03 _ T.0861€ 02 $+0265E-01

2,20 4.1089E-01_  T.6273E 02 8.9167€-0i
2.30 5,4769€-01  B,7596E 02  8.7438£-01
2040 7.4230E-01  1,0207E 03 843900603
2,50 B.4619E-01  1.1013F 03  8,4535E-01
2,66 T.8069E-01  1.0595E ©3  8.4838E-01
2070 6.418E-01  9.5257E 02 - 8.6858E-01
2480 5,1493E-01  8.2069E 02  8.9165E-01
2490  4.4918E-01  T.5619E 02  9+0436E~01

57
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TABLE 1I-5

BUCKLING LOADS FOR IMPERFECT BORON-EPOXY SHELL
v W‘*z C.04

CASE
le O
l.1C
1.20
1.30
1.40
1.50
1.6C
1.7C
1.8¢
1.90

2. 0
2.10
2.20
2030
2.4€C
2.50
2460
2.70
2,80
2.90

Ny

C442419E-01

4+684TE-01
5.8738E-01
7.3296E-01
840044E-01
7.3237¢-01
6+2401E-01
4¢9751E-01
3.8904E-01
3.3397€-01

3.239%4€-91
3.2611E~01
3.8494E-01
5.0949E-01
6.7295E-01
7.7020E~-01
7.1193€-01

 5.9953E-01

4+8240€-01

4e2411E-01

Ny

Te1224E
T.6764E
8.9397E
1.0080E
1.0401E
9.7339€
849350€
7.9246E
7.1568E
648261

6.8436E
6.6835€
T+1456€
841190E
9,2535€
1.0024E
 9,6615E
8,7973¢
7.4885E

T7.1210E

58

02
c2
02
03

Q03

02
02
02
02
02

p*
8.5369E~01

8.3910€E~01
8.0256E~01
T.8907€~02
7.9543E-01
7.9799€-01
8.2625E-01
8.3263E-01
8.4886E-01

8.7457E-01

8. 7530E~61
85137E=-01
8.3535E-01
8.1064E-01
7.6061E-01
7.6943E-01
7.7366E-01
8.0216E-01
8.3532E-01
8.5389E-01
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TABLE

II-6

BUCKLING LOADS FOR IMPERFECT BORON-EPOXY SHELL

CASE

I. 0

1.10
1.20

1.30°

le40
1.50
160
1.70
1.80
1.90

2. 0
2,10
2420
2.30
2,40
2450
2.66
2:70
2.80
2.90

Ny
4.,0458E-01
4e4462E-01
5¢5054E-01
6.8377E-01
T.4838E~-01
6.8534E-01

T 5.8965E-01

4.7114E-01
3.7046E-01
3.2077E-01

3.10356-01
3.1079€-01
3,6487E-01
4.7883E-01
5.2153E~01
7.1358E-01
6.6058E-01
5+6185E-01
445725E-01

4.(453E-01

W*=

2

NX
6.7932€
7.2856E
8+3789E
9.4032E
9.7245E
9.1089E
844431E
7.5047€
6+8149E

6.5563E

6e574TE
643696E
647731E
7.6305E
8.45465E
9.2872E
8.564SE
8.2443E
7.2877€
6.7923€

59

0.06

c2
c2
02
02
02
02
02

Q2
02

02
02
02
02
02
02
02
62
02

0¢ .

p¥

8.1423E-01
7.9638£-01
7.5221€-01
7.3612E-01
T+4369€-01
7.46756-01
7.8075€-01
7.8850E-01
8.0831£-01
8.4000E-0",

844091E-01
8.1139€-01
T.9181€-01
T.6167€-01
7.0249£~01 .
T.1287E-C1
7.1785£-01
7.5174E-01
7.9178E-01
8.1447€-01
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TABLE II-7

BUCKLING LOADS FOR IMPERFECT BORON-EPOXY SHELL
w*‘g 0008

-_— -2,

CASE Ny N, p*

le 0 3.8812€E-01 6.5168E 02 7.8110€~01
le1C 4424T72E-01 649596E 02 7.6074E~01
1.20  5.2031E-01 7.9189€ 02  7.1092E-01
1¢30  644368€-01 848518E 02  649295E~01
1440  T.05816-01  9.1T1.E 02  T.0140E-0L
1.50  6.4685E-01  8.,5973E 02  7.0481E-01
1.60 5.6116E-01 8.0351E 02  T.4303E-01
1.70  4.4921E~-01 7.1554E 02  7.5180E-01
1.80 3.5489E-01 645285E 02  T.T7434E-01
1.9¢  2,0658E-01 6.32T6E 02  8.,1070E-01

2. © 249959E-01 6.3468E 02 841175E-01
2010 2.9T95E-01  6.1964E 02  7.77T85E-01
2.2 3.4817E-01 6.4630E 02 745555E-01
2439 4+535%9E-01 7.2282€ 0z 7.2153€-01
2.40 5.6019E-01  T.9783E 02 .  64557%E-01
2.50 6+6785E~01 8.6921E 0Z  6.6719E=-01
2,60 6+1962E-01 8.4005E 02 6+ 7269E=01
2,70 5.3094E-01  7.7908E 02  7.1038E-01
2.80  443631E-01 6.9539€ 02 7+.5552E~01
2030  3.881CE-Cl 6.5163E 32  7.8138E~0l
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g TABLE II-8

s

N

BUCKLING LOADS FOR IMPERFECT BOURON-EPOXY SHELL
W#*= 0.10

A St it )

CASE Ny .I;x p*
1« 0 347380E-01 6.2764E 02 7.5228E-01
1.10 4.0751&-01 6.6T76E 02 T+2992E-C1
1.20 4+9455E-01 T.5268E 02 6.7571E-01
1.3C 6.0969E-01 843843 02 645636E~01
l.4C 6¢6964E~01 8.7013E ¢2 6.6544E-01
1.50 6+1410€E-01 841620 02 6+6912E-01
1.60 5.3664E-01 T«6840E 02 7.1056E-01
1.70 4+3029E-01 68540 02 T+2014E-01
‘ 1.80 3541375;01 6+2798E 02 Te4484E-01
? 1.90 2.9977€-01 "6.1270E 02 T.8501E-01

Ze 0 2,9015E-C1  6.1468E 02  7.8617E-01
2410 2.86TBE-01  5.8775E 02  7.4870E-01
2020  3.3374E-01  6.1951E 02 7.2424E-01
2430  4¢3201E-01  6.8843E 02  6.8719E~01
2,40  5e45556-01  7.5017E 02  6.1661E<01
2.5C  6.2940E-01  8.191TE 02  6.2877E-01
2060  5.8401E-G1  7.9255E G2 6.3465€-01
2,70 S5.0460E-01  7.4043E 02  6.7514E-01
% 2,80  4.1822E-01  6.6656E 02  7.2420E-01
2,90  3.7380E-01  6.2762E 02  7.5259E-01

PR T
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TABLE II-9

BUCKLING LOADS FOR IMPERFECT BORON-EPOXY SHELL
w*= 0.20

CASE N, Ny p*

1« ¢ "3.2053€e-01 5.3819E 02 6+4508E-01
1.10 3.4436E-01 5.6427€ 02 6.1680E-01
1,20 400313€-01 6.1354E 02 5.5080E-01
1.35 459955E-01 $.T460E 02 5.2811E-01
1.40 5.4210E-01 T.0441E 02 5.3870E-01
1450 4,9837€-01 646238E 02 5.4302E-01
146C 4,47T1E-0L 6+4107E 02 5.9282E-01
1.70 3.6127€-01 5.7546E 02 640462E-01
1.89 2.91306-01 5.3587E 02 6+3560E-01

190 - 2.6256E-01 5¢3666E G2 6.8757E~-01

2. ¢ 2.5433E-01 5.,3879€ 02 6.8912E-01
241C  2.4534E-01 5.0282E 02 6.4051E-01
2.2 2.8096E-01 5.,2155€ G2 6.0971E-01
243G 3.5487E-01 5¢6550E 02 5¢6448E-01
2.40 4.2726E-01 5.8751E 02 448291E-01
2453 4.9704E-01 6.4689E 02 449654E-01
2.60 4.6304E-01 642838E 02 5.0319E-01
2.7 441116E~01 6.0332E 02 5.5012E~-01
2480 3.5206E-01 5.6114E C2 640965E-01
2.90 V3.2059E-01 5.3829E 02 6.454TE-CL

62
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TABLE O-10

BUCKLING LUADS FOR IMPERFECT BORON-EPOXY SHELL
W = 0,30

CASE Ny N, p*

1o 0 2.83B0E-01  4.7653E 02  5.7116E-01
1610  3.0165E-01  4.9428E 32  5.4029E-01
1,20 3.,4418E=01  5.2383E 02  4.7026E-01
130 4415062-01  5.7079E 02  4.4683E-01
1s4C  446061E-01  5.9853E 02  4.5773E-01
1450 4.2418E=01  5.637T9E 02  4.6220E-01
1460  3.8858E~C)  5.5640E 02  5.1452E-01
170 3.1499E-01  5.0173E 02  5.2716E-01
180 2.5700E-01  4.,7278E 02  5.6076E~01
1,90  243619E=01  4.8275E 02  6.1850€~01

20 ¢ 242891E-01  4.8494E G2  6.2024E-91
2,15 241686501  4,4444E 02  5.66]4E-01
2420 244545E-Cl  445562E 02  5.3264E-01
2030 3.0461E-01  4.8542E 02  4.8454E-01
2443 3.5496E-01  4.8810E 92  4.0120E-01
2050  441523E~01  5.4042E 02  4.1482E-01
2.60 3.8787£-01 5.2637E G2 4,2150E-01
2,70 3.5095E-01  5.1496E 02  4.6955¢-01
2.80  3,075TE-01  4.,9020E 02  5.3259€-0l
2.9C  2.839GE~01  4.T668E 0z  5.7159£-01

63




TR TR

4
%
3
%
2
3
.
£
i
o

R

T

i

»

AXFDL-TR-70-125

TABLE O-11

BUCKLING LOADS FOR IMPERFECT BORON-EPOXY SHELL

CASE
le ¥
1.10
1.20
1.30
1.40
Le5¢C
1060
leT0
1.80
1.90

2. G
2.1¢
2.20
2,3
2440
2.50
2.60
2,70
2.80
2.90

Ny
2.5594E-01
2.6973E~-01
3.0170E~01
3.6135E-01
4,0229E-01
3.7096E=01
3.4496E-01
2.8062E-C1
2.3111E-01
2.1573E-01

2.C918E-01

1.953GE-01
2.1901E-01

2.6812E-01
3,0486E-01
3,58096-01
3.3516E-01
3,07576-01
2.7443E-9]
Z+5606E-01

w* = 0,40

NK
4.2974E
444198E
4.5917E
49693E
5.2275¢
4.93C5E
449394E
4.4T7092E
4.2515E
4+4094E

4.4315E
4.0025E
400654
4.2T26€
4.1921€
4.6605E
445484E
4,5131E
4+3739€
4,2992E

02
02

02
02
02
02

02

02

02

02

02
02
02
02
02
02
02
02

PI‘
5«.1508E-01
4.8312E~01
4,1222E-01
3.6902E-01
3.9978€E-01
4.0420E-01
4¢56T6E-01

4¢6965E-01 -

5¢0427€~01
5¢6494E-01

Se66T9E~0L
500986E~01
4.7526E-01
4,2649E-01
3.4457&-01
3.5773E-01
346422€~01

T 4.1152E-01

4.7520E~01
541533€E-01
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TABLE U-12

BUCKLING LGADS FOR IMPERFECT BORON-EPOXY SHELL

CASE
1. C
1.1y
1.20
1.30
le40
1.50
1.66
1.70
1.89
1.99

2+ C
2.10
2420
2.3C
24435
245C
2.60
270
2,80
2.90

NX
2.3372E-01
2,4459E-01
2.6921E-01
3.2070E-01
3645793E-01
3.304CE-01
3.1097€-01
2.53T70E-01
2.1055€-01
1.9912e~01

1.9314E-01
1.7814E-Cl

1.9825€E-C1

204004E£-01
2.6770E=-C1
3e1544€-01
2.9571E~01
2.7449E-J1
2.4841E-GL
2.3385€-01

W=

NX
3.9243E
4.0078E
4,0973E
4.4102E
4+6510E
4.,3913E
4.4527¢
4.0412E
3.8732¢

4.0698E

4.N9)TE
3.6509E
3.6800€
3.8251E
3.6811E
441055E
440130E
440265€
3.9592¢
3.9264E

65

0.50

02
G2
02
02
02
92
02
02
Ve
02

02
Q2
02

02
02
02
02
62
02

p*

4+7036€£-01
4.3809E-01
3.6783E-01
3.45255-01
3.5569E~91
3.6000£~01
4.1175E-01
4¢2460E~01
4.5940E-01
5¢2142E-01

$5¢2333E-01
4+6506E-01
443021E-01
3.8182E-01
3.0257c-01
3.1533k-01
342135€~-01
3.6714E~CL
4e¢3315€e~-01
4.7082€-01
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TABLE 11-13

BUCKLING LOADS FOR IMPERFECT BORON-EPOXY SHELL
We= (.80

CASE Nx ﬁ', p*

1. & 1.8682E-01  3.1368E 02  3.7597€-01 1
1,15 1.9249E-01  3.1541E 02  3.4477€-01
1.20 2.0467E=01  3.1149E 02  2.7964E-01
1.3 2.4106E-01  3.3151E 02  2.5952E-01
1.40  2.7C4TE-01  3.5145E G2  2.68785-01
150 2.5C20E~N1  3.3254E 02  2.7262E-01
1460 2.4160E-01  3,4595¢ 02  3.1991E-01
1.7¢  1.9836E-01  3.1596E G2  33197¢-01 ;
1.8C¢  1.6741E-01  3.0797E 02 346528501 2
1.9C  1.6305E-01  3,3326E 02  4.2697€-01 i

2. 9 1.5830€-01 3.3536E 02 4,2892€-01
2.10 144203E=-01 2.9108E& 902 3,7079€-01

[P

2420 1.5542E-01 2.8851E 02 3.3728€E-01
2.30C 1.8376E-C1 2.9283E 02 2.9231€-01

2043 1.9691€E-01 2+7077E Q2 2.2257E-01

e ) e

24590 243352E-01 3.0393¢ 02 2.3329E-01 !
2468 2.1961E-01 2.9803E 02 2.3865t-01
2.7C 2.3854E~-01 3.06G0E 02 2.7902€-01

2.8GC 1.9475E-01 3.1039€ 02 3.3722E-0%

2.9C 1.8696E-01 3.1392€ G2 3.7642E-01
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TABLE II-14

BUCKLING LOADS FOR IMPERFECT BORON-EPOXY SHELL

w*= 0,90
— 2

CASE Ny Ny p*

1. C 1.7535E-01 249443E 02 3+5290&-01
l.16 1.7996E-01 2+9489E Q2 3.2234g~01
1.2¢ 1.8972€~01 2488T4E 02 245922E-91
1.3C 2.%2855'01 340646E 02 243991£-01
1.40 2.5035E-21 3.2530€ 02 244878¢£-01
150 243171E-01 3.0796E (2 245247€-01
1.6C 2.2516E-01 342240F G2 2.9813€-01
1.7¢ 1.8514E-0] 2¢9491€ @2 3.0986E~01
1.8¢C 145693E-01 248868E 02 344241E-01
1.9¢ 1.5401€-~01 3.1478E ¢2 4.0330E-0}
2. 0 1.4955E-~01 3.1663E Q2 400523£~01
2610 1,3323E~-01 2eT304E 2 3.4781E-01
2.2C 1.4517€-~01 2.6947E 02 3.1503&e~-01
2.3C 1.7G63E~01 €+T191E @2 2.7142E-01
2448 1.8110E-01 2+4903E 92 240470E~01
2.5C 2.1510€-01 2.7995E 0z 2.1488E-01
2460 24U2643E-9] 2.T4T1E 02 241998E~01
2¢:0 149329€-01 268363E 2 2.5862£-~01
248¢ 1.8190€-01 248991E 02 34149701
2490 147550€-~01 249467E @2 345334£-~01
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TABLE ~ 1I-15

BUCKLING LOADS FOR IMPERFECT BURON-EPOXY SHELL
W'* = 1.00

CASE Ny N p*

1o 0 146529E-01  2.T753E 02  3.3264E-01
1.1C  1.6993E-01  2,7698E 02  3.G276E-01
1420 1.7686E-01  2.6917E 0z  2.4165E-01
1,30  2.0725-01  2.8500E 02  2.2311E-01
1,40  2.3308E-01  3.0286E 0z  2.3162E-01
1.5  2.15828-01  2.8685E 02  243516E-01
1.6C  2.1088E-01  3,0196E 0z  2.7923E-01
1,70  1.73656-01  2.7660E 02  2.9C62E-01
1.80  1.47T4E~O01  2.7178E 02  3,2236E-01
1,90  1.4599E-01  2.9839E 02  3,8230E-01

2. 0 1.4180£-01 3.0040E 02 3.8421E-01
2.10 1.2551€-01 205T722E Q2 3.2766E-01
2+2C 1.3624€-01 2.5289€ 0¢ 2.9564E-01
2.30 1.5%930€E-01 245385€ 02 2.5340E-01
2,40 1.6768E-31 243057€ 02 1.8952E~01
2450 1.9941E-01 2.5953E 02 1.9921e-01
2.60 1.8779E-01 205485¢ 0z 2.04076~01
2.7¢C 1.8C1CE-01 2.6438E C2 2.4107E-01
24806 1.7G70E-01 2eT23TE G2 209559¢-01
2490 1.6543E~01 2.TTTTE Q2 3.3307E~-01
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TABLE II-16

BUCKLING LOADS FOR IMPERFECT BORON-EPOXY SHELL
W*= 1,10

CASE (N N, o*
le C  1.5637E-01  2.6255E 02  3.1469E-Cl
1.10  1.5940E-01  2.6120E 02  2.8552E-01
1020 1.6567E-01  2.5214E 02  2.2636€-01
1030 ° 1.9372E-01  2.6641E 02  2.0856E-01
1.40  2.1808E-01  2.8338E 02  2.1672E-01
1.50  2.0202E=01  2.6850E 02  2.2012E-01

1466 1,9836E-01  2.8403E 02  2.6265E-01

170 1.6354E-01  2,6050E 02  2.7370E<01
169 143962601  2.5684E 02  3.0463E-01

190  1.33882E~0!  2,8373E 02 3.6351E-01

2. ¢ 1.3486E-01 2.8570E 02  3.6541E~01
2.10 1.1867€-01 2.4321E 02 3.0981E~01
2,20 1.2838€-01 2.3830€ 02  2.,7859E-01
: 2430 1.4942E-01 2,3810E 02  243767E-01
: 2.40 1.5613E-01  2,1470E 02 1.7647€~01
‘ 2.50 1.8589E-01 2.4193E 02 1.8570€-01 -
i - 2466 1.75156~01 2.3770E 02 1.9034E-01
’ 2:T0  1.6BT7E-01  2.4764E 02  2.2580E-01
: 2.80 1.6086E-01 2.5637€ 02 2.7854E-01

249G 1.5651€~01 2.6279€ 02 3.1511€-01
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TABLE O-17

BUCKLING LOADS FOR IMPERFECT BORON-EPOXY SHELL

1.60
1.70
1.80

1.90

2, C
2.10
2.20
2.30
2443
2.5C
2.6C
2470
2.83
2,90

NX
1.4840E-01
1.5085€E~012
1.5583E-01
1.8189€£-01
2.0493E-01
1.899GE-01

1.8728E~-01 -

1.5458E-01
1.3237E-01
1.3235E-01

1.2860€E-01
1.1257€~01
1.2140€-01
1.4071€E-01
1.46Q09E-01
1.7411€-01
1.6413E-01
1.5874E-01
1.52126-01
1+4854E-01

Wh= 1,20

>

Ny
2.4917E
2¢4T18E
2.,3717€E
245013E
2.6629E
2.5240E
2+6817E
2.4622E
2.4351¢c
2.7C52¢€

24T245E
23970
242536E
2.2423E
2.0089¢
2.2660E
2022T4E
243293¢
2.4244E
2+4940¢

70

02
02
02
02
c2
92
G2
02
02
02

02
02
02
02
ce
G2

02
02
62

P*‘

2.9865t-01

2.7019E-01
241292E-01
1.9581E-01
2.0365E-01
2.0692E-01
2.4798E-~01
2.5870€-01
2.8882€-01
3.4660E-01

344846E-01
2.9388£-01
2.6345E-01
242383E-01
1.6512E=01
1.7393E-01
1.7837£=-01
2.12398-01
2.6340E-01
2.99046€~01
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